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A simple computationally efficient model which is capable of replicating the basic features of cardiac
cell action potential is proposed. The model is a four-dimensional map and demonstrates good
correspondence with real cardiac cells. Various regimes of cardiac activity, which can be reproduced by
the proposed model, are shown. Bifurcation mechanisms of these regimes transitions are explained using
phase space analysis. The dynamics of 1D and 2D lattices of coupled maps which model the behavior of
electrically connected cells is discussed in the context of synchronization theory.
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1. Introduction

The cardiac cells that are directly involved in the dynamics of
their electrical activity include pacemaker and nonpacemaker cells.
The pacemaker (oscillatory) cells generate spontaneous action po-
tentials and are characterized by a slow rate of the depolarization,
see Fig. 1(a). These cells are found in the sinoatrial and atrioven-
tricular nodes of the heart and initiate the propagation of electrical
activity throughout the heart. The nonpacemaker (excitable) cells,
involved in the propagation of electrical activity, such as atrial
myocytes, ventricular myocytes and Purkinje cells, have a specific
form of action potential (AP) which is characterized by five main
phases including a very rapid depolarization and prolonged plateau
[1], see Fig. 1(b). This paper proposes a simple computationally
efficient map-based model that can replicate action potential of
excitable and oscillatory cells.

In the modeling of cardiac cell, basic ionic mechanisms of AP
formation for each type of cells must be taken into account. Being
depolarized to the threshold voltage excitable cell shows a very
rapid depolarization caused by opening fast sodium channels Na+
(phase 0). Fast Na+-influx explains the slope of AP increase. Af-
ter that Na+ channels become inactivated and the dynamics of the
membrane changes to an initial repolarization (phase 1) induced
by a short-term transient outward K+ current. The plateau of car-
diac action potential (phase 2) is the result of balanced dynamics
between inward Ca2+ current and the outward K+ current coming

* Corresponding author.
E-mail address: genie.pavlov@gmail.com (E.A. Pavlov).
0375-9601/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.physleta.2011.06.014
Fig. 1. Sketch of a typical action potential: (a) pacemaker (oscillatory) cell; (b) non-
pacemaker (excitable) cell.

through the slow delayed rectifier potassium channels. When out-
flux of K+ starts to exceed that of the Ca2+-influx, the membrane
potential drops to the levels of resting potential forming phase 3.
Phase 4 is the resting membrane potential. During this period, the
cell remains in its resting potential until it is stimulated by an
external electrical stimulus and phase 4 is also associated with
diastole of the chamber of the heart. For pacemaker (oscillatory)
cells the basic contribution to depolarization makes inward Ca2+
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current. The repolarization is connected with an activation of cal-
cium channels and increase of K+ conduction. It can be seen even
from this overly simplified scenario for the cardiac action poten-
tial formation that so many factors ought to be taken into account
under modeling.

At present there are many different conductance based mod-
els of cardiac cells, e.g. [2–6], etc. Such models are mainly in
the form of ODE and involve a large quantity of variables, which
are associated with the large number of ionic currents under-
lying the formation of AP. Moreover, the simulation of a large
number of cells, which correspond to real biological processes,
is connected with technical difficulties. Nowadays, alternative ap-
proaches to simulation of such processes based on maps are de-
signed. Usually, maps are used because of the gain in speed of
simulations and the easy of understanding of complex phenom-
ena with maps constructed phenomenologically. For example, this
map approach had been successfully implemented in the design of
neuron models [7–9] and for the replication of cardiac activities
[10–14]. In particulars, the map introduced in Ref. [10] for cardiac
cell is based on a simulation of the fast and slow processes in a
cardiac cell while the maps in Refs. [11–13] were constructed to
understand the coupling of APD (action potential duration) with
memory effects. Furthermore, the map in Ref. [14] was developed
in the spirit of FitzHugh–Nagumo model to include only the es-
sential features of a cardiac cell so that analytic results can be
obtained to gain better understanding of the phenomena. Note that
all these models can produce results in good agreement with ex-
periments only qualitatively because they are usually two or even
one-dimensional maps which lack the complexity of the original
ODE system. Several properties of maps, such as simplicity and
computational efficiency, make it agreeable for its use in model-
ing. Our goal here is to construct a model with biologically relevant
parameters. The proposed map represents a simplification and re-
duction of the well-known Luo–Rudy model [5], which has proven
itself sufficiently well in numerical experiments [15–18]. It takes
into account the basic ionic mechanisms of AP’s formation and ad-
mits, whenever possible, detailed descriptions of a cell.

2. Map-based model of cardiac AP

The general form of the suggested model is a four-dimensional
map, which can be written as:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Vn+1 = Vn + 1
Cm

(−[
INa(Vn, xn) + ICa(Vn, yn)

+ IKd(Vn, zn) + IKi(Vn) + Ioc(Vn)
] + Ist + Id

)
,

xn+1 = xn + (
x∞(Vn) − xn

)
/τx(Vn),

yn+1 = αy(Vn)(1 − yn) − βy(Vn)yn,

zn+1 = αz(Vn)(1 − zn) − βz(Vn)zn,

(1)

where variable Vn describes the voltage of action potential, Cm the
membrane capacitance, Ist the input stimulus, Id the constant de-
polarizing current and with xn , yn , zn being the generalized gating
variables for INa, ICa and IKd respectively. All functions INa(Vn, xn),
ICa(Vn, yn), IKd(Vn, zn), IKi(Vn), Ioc(Vn) are ionic currents, which
underlying the formation of action potential (AP). Each of these
currents corresponds to the current from Luo–Rudy model. Since
the original model is based on experimental data, therefore, each
current in our model has a real physiological meaning. Functions
for INa, ICa, IKd , IKi , Ioc are of the form:

fast sodium current

INa = gNax2
n(Vn − ENa)m∞(Vn),

L-type calcium current

ICa = 0.56gCa yn(Vn − ECa),
Fig. 2. Excitable cell: (a) evolution of action potential; (b) variations of ionic currents
during computed AP.

time-dependent potassium current

IKd = gKdzn FKd(Vn),

time-independent potassium current

IKi = gKi FKi(Vn),

other currents involving in AP formation

Ioc = I pp(Vn) + Ibg(Vn),

where gi with i = Na,Ca,Kd,Ki is the maximal conductance of the
corresponding ionic current, ENa and ECa are the reversal poten-
tials for sodium and calcium, respectively. Functions m∞ , FKd , FKi ,
x∞ , τx , αi , βi are related to the gating variables and I pp , Ibg are
summands of Ioc from the original Luo–Rudy model. Description of
them can be found in Appendices A and B.

As in Luo–Rudy model, all ionic currents in our model above
are computed for 1 cm2 of membrane with capacity Cm being set
at 1 mF/cm2. Also, the iteration step n in our map is close to one
millisecond if we compare our results with those from Luo–Rudy
model. Because of this long time step in our map in comparison
with the commonly used integration of the Luo–Rudy model, our
map can reproduce an AP in much smaller number of steps.

For initial ionic concentrations of standard preparations –
[K]0 = 5.4 mM, [K]i = 145 mM, [Na]0 = 140 mM, [Na]i = 18 mM,
[Ca]0 = 1.8 mM, and [Ca]i = 2 · 10−4 mM – we set parameters
gNa = 23, gCa = 0.09, gKd = 0.282, gKi = 0.6047, ENa = 54.4,
ECa = 118.67. Details of these parameters can be found in Ref. [5].
Furthermore, we will use these values of parameters in all cases,
unless otherwise specified. Fig. 2 demonstrates the time evolution
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Fig. 3. Comparison of the AP forms from the Luo–Rudy model and map-based
model.

Fig. 4. Forms of AP reproducing by map-based model with exclusion of the first
summand from polynomials: (a) control, (b) exclusion from m∞ , (c) exclusion from
x∞ , (d) exclusion from τx . Details see in text.

of the action potential and the corresponding ionic currents in the
case of an excitable cell. Here, Id = 0 and the amplitude and du-
ration of input stimulus Ist are chosen just sufficient for an AP
formation (in Fig. 2, Ist = 2 for a duration of 45 steps/iterations).

As mentioned in the Introduction, our goal is to construct
a simplified map based model while preserving the main ionic
currents and physiological parameters of the original Luo–Rudy
model. For this reason, the dynamics of the original model has
been studied more closely; including the influence of individual
ionic currents and its gating variables. Essentially, we are able to
reduce the total number of dynamical variables in our map model
which still has the capability for reproducing most of the effects,
which are inherent to the Luo–Rudy model. The polynomial ex-
pressions for the currents and the gating variables are chosen for
computational efficiency. Note that the variables xn and yn in our
model above are not gating variables in the ordinary sense. They
have been constructed to replicate the combined overall effects of
all the activation and inactivation gating variables for the corre-
sponding currents. Thus, the variable xn plays the role of the col-
lection m, h, j from the Luo–Rudy model. A polynomial of higher
degree is needed for the variable xn in order to have a more accu-
rate reproduction of the fast dynamics of the sodium current and
the combined overall effects of its activated and inactivated gates.
Variable yn is the product of two variables, d and f from the Luo–
Rudy model.

To demonstrate the accuracy of our construction of m∞ , x∞ ,
τx , αi , βi , we have compared the dynamics of an AP generation
in both the Luo–Rudy model and our model as shown in Fig. 3.
We have also checked that omissions of any terms in the polyno-
mials constructed will lead to unrealistic results. For example, the
omissions of the first term −1.0526 · 10−21 V 12

n in m∞ leads to in-
stability of AP (lead to −∞). Excluding of 15.9457 · 10−26 V 14

n from
Fig. 5. Oscillatory cell: (a) evolution of action potential; (b) variations of ionic cur-
rents during computed AP.

x∞ demonstrates similar effect of AP’s instability (with unrealistic
upstroke to the +∞). If we leave out the term 9.2993 · 10−24 V 14

n
in τx then the cell will not response on the external stimulation. In
this case the sodium spike is absent and after application of exter-
nal stimulus the cell relaxes toward to the resting state. All cases
described above are shown in Fig. 4.

The mechanism of pacemaker generation is connected with cer-
tain reconstruction of ionic currents. Recent computer simulation
studies have focused on the effects of inward rectifier K+ cur-
rent down-regulation in ventricular myocytes, which relies on the
net current generated by the Na+–Ca2+ exchanger as the carrier
of pacemaker current [19,20]. Also, blocking of fast Na+ channels
by tetrodotoxin with certain conditions allows to obtain oscillatory
cell [21]. Moreover, pacemaker (oscillatory) cells are characterized
by the expression of several depolarizing currents that are all in-
volved in phase 4 diastolic depolarization and pacemaking. For this
reason, we decrease gNa and introduce a complementary depolar-
izing current Id , which allows to compensate currents, absent in
our model, but they are important for oscillatory cells. With this
method, for the central SA node’s cells we can take gNa = 0 and set
the value of Id , which will increase the resting potential of a cell.
Typical form of AP evolution and ionic currents for pacemaker (os-
cillatory) cell, produced by our map, are presented in Fig. 5 (here,
gNa = 0, Id = 3). For the modeling of AP corresponding to periph-
eral SA node’s cells, we need to adjust proper balance between
nonzero value of gNa and Id . Also, the parameter Id will influence
the frequency of oscillations in pacemaker cells. The measured de-
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Fig. 6. Frequency of oscillations of single cell vs. the value of the constant depolar-
izing current Id .

Fig. 7. AP forms under different values of parameter gCa.

pendence of the oscillation frequency of a cell on the value of the
constant depolarizing current Id is shown in Fig. 6.

We note that, in spite of the considerable simplifications, our
proposed model sets up a good correspondence with medical
drugs usage. For instance, it is well known that the use of Ca2+-
blockers, such as verapamil and diltiazem, can reduce gCa; result-
ing in a lowering of the heart rate and shortening of AP duration.
The dependence of AP formation on the variation of the parame-
ter gCa is presented in Fig. 7. Similarly, the usage of certain K+-
blockers appreciably prolongs the plateau phase. This effect of gKd
variation is shown in Fig. 8. Thus, duration and shape of the action
potential can be controlled well by gCa and gKd in our model.

3. Excitable and oscillatory cells: bifurcation mechanisms of
transition

As mentioned earlier, the single cardiac cell describing map (1)
can be excitable or oscillatory depending on the magnitude of Id
and gNa. By setting gNa = 0, we will explore the dynamics of the
map under the changing of the constant depolarizing current Id ,
which allows for controlling the cell dynamics.
Fig. 8. AP forms under different values of parameter gKd .

When Id = 0 the cell is in an excitable regime. The phase space
of the map encloses the single stable fixed point (sink). With an
increase of Id , the sink and the neighboring saddle move towards
each other and collide on an invariant curve at the value Id = 2.41.
As a result of its bifurcation in the phase space of the map, a stable
closed invariant curve appears. This dynamical mechanism, render-
ing the cell in an oscillatory regime, is shown in Fig. 9 in which
coordinates of fixed points and nascent invariant curve are shown
on the projection onto the plane (Vn, zn) for different values of the
parameter Id .

The next bifurcation of the map takes place at the values of Id
at about 5.51. The source (unstable fixed point), which is within
the stable closed invariant curve, there turns into a sink via a sub-
critical Neimark–Sacker bifurcation with the onset of the unstable
closed invariant curve around it.

With a further increase of Id from 5.51 to about 5.55, the un-
stable closed invariant curve grows bigger and moves towards the
stable closed invariant curve. At the point of Id = 5.55, the stable
and unstable closed invariant curves merge and disappear. Even-
tually, the single fixed point left in the phase space of the map is
a sink; thus the cell becomes excitable again. These scenarios de-
scribed above are depicted in Fig. 10; the projection onto the plane
(Vn, zn).

4. Synchronous response of excitable cell on the external
periodic stimulation

Now, we study the response of excitable cells on external pe-
riodic forcing. For the purpose of the input stimulus Ist , we apply
a periodic sequence of rectangular pulses of fixed amplitude and
duration. Without any perturbations (Ist = 0), the cell is in a rest-
ing state. If some subthreshold force is applied, the cell becomes
excited (depolarization phase). After the excitation, the cell returns
back to the resting state (repolarization phases). Note that the re-
sponse of the cell depends on the initial state of the cell at the
moment when the external influence is applied.

Our numerical experiments show that hysteresis takes place
in the synchronous response of the cell to an external periodic
stimulation. We take the frequency f in of the forcing as a control
parameter. The response frequency is computed as fout = (l − 1)/n,
where l is the number of spikes observed and n is the number of
iterations elapsed between the first and the last spike. When f in
is small, a 1:1 synchronous response is observed. This means that
each pulse produces an action potential, Fig. 11(c). With an in-
crease of the pacing frequency, the transition to a 2:1 synchronous
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Fig. 9. Fixed points and invariant curves in the projection on the plane (Vn, zn) for
different values of Id : (a) Id = 2.40, (b) Id = 2.41.

response is observed. Here a single action potential is correspond-
ing to two applied pulses, Fig. 11(b). If we move in the opposite
direction, i.e., we decrease the pacing frequency, the transition
from a 2:1 to a 1:1 synchronous response occurs. The effects de-
scribed above are shown in Fig. 12. The phenomenon of pacing
rates dependent responses of cardiac cells displayed in Figs. 11
and 12 had been reported in experiments [22] and maps [11–13]
had been constructed to understand the nonlinear dynamics of the
bifurcation from 1:1 to 2:1 responses. Presumably, with our bio-
logical relevant map, there is a possibility to study the bifurcation
with more biological details; such as how would this bifurcation
get modified by the changes of different ionic currents.

5. Modeling of electric coupling

An important component in the simulations of electrical activ-
ity of heart tissue is the model for electrical coupling among the
cells. This type of coupling represents intercellular electrical con-
duction coupling via gap junctions between neighboring cells. Here
Fig. 10. Fixed points and invariant curves in the projection on the plane (Vn, zn) for
different values of Id : (a) Id = 5.50, (b) Id = 5.54, (c) Id = 5.55.
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Fig. 11. Synchronous response of a cell on the external periodic stimulation. (a) The
train of external pulses. (b) Voltage evolution for 2:1 synchronous response. (c)
Voltage evolution for 1:1 synchronous response.

Fig. 12. Hysteresis by the synchronous response of the excitable cell on the external
periodic stimulation.

we will consider how the simplest gap junction model can be used
to couple the cells in the form of map-based models.

For the addition of gap junction current into the map-based
model, we rewrite the equation for the membrane potential in (1)
as:

V ij
n+1 = F

(
V ij

n
) + d�d

(
V ij

n
)
, (2)

where the function F (V ij
n ) describes individual dynamics of the i j

cell, d is the strength of the electrical coupling between neighbor-
ing cells, and �d is the second-order central difference operator
(discrete Laplacian). A one-dimensional modification of this model
is obtained by dropping the second spatial index. To illustrate some
of the effects captured by such a coupling model (2), we consider
several simple ensembles with specified type of coupling.
Fig. 13. Interaction of two pacemakers.

First, we study the dynamics of two coupled cells modeling
the interaction of two pacemakers (oscillatory cells). Characteris-
tic time scales of coupled cells – frequencies of oscillations – have
been calculated. To compute the frequency, we define the section
plane for the ith element as V i

n+1 > V i
n , V i

n+1 = −30, and reg-
ister each crossing of the trajectory with each of these section
planes. We estimate the oscillation frequency of the ith element
as f i = (ri − 1)/δni , where ri is the number of crossings registered
for the ith element, and δni is the number of iterations elapsed
between the first and the last crossing. Setting of synchronous
regimes through a coincidence of frequencies by increasing of cou-
pling strength is shown in Fig. 13.

Next, we explore a chain with periodic boundary conditions
which contains 30 excitable cells. Electrical activity of this circle
of cells was initiated by excitation of a single cell (cell number 1)
using an external stimulus. The result of impulse propagation in a
circle of excitable cells is shown in Fig. 14.

Further, we consider a chain of locally coupled oscillatory cells
with free-end boundary conditions. For this we use a chain of
N = 30 oscillatory cells with different individual frequencies. Ran-
dom values of Id uniformly distributed in the interval [2.8;3.6]
and identical initial conditions are chosen for each cell, so that
all cells in the chain initially get depolarized simultaneously. We
simulate several experiments with different realizations of the ran-
dom distribution of Id . In Fig. 15 we plot the frequencies f i of
all elements in a chain with one realization of the distribution of
Id at different values of the coupling strength d. We observe that
global synchronization sets in with increasing d, and the transition
to global synchronization occurs via cluster regimes. We define a
cluster as a set of adjacent cells with measured frequencies falling
within the same error interval of size defined as 10−5. A cluster
regime is represented by a set of separated dots for a given value
of d (say, d = 0.003). Each such dot corresponds to a frequency
cluster. In Fig. 16 we present the corresponding space–time plots
of voltage in the chain. It can be seen that there are jumps of Vn

on boundaries between two neighboring clusters when they are
not synchronized.

6. Two-dimensional simulations: target and spiral waves

To test the ability of our map to support propagating waves, we
have performed simulation of our map in 2D lattice to generate
target and spiral waves by using free-end boundary conditions on
all sides. Fig. 17 shows the results of target waves’ propagation
in a 250 × 250 lattice of excitable cells. Sources of target waves
are cells located with coordinates (75,75) and (175,200). It can
be seen that two moving wave fronts collide and annihilate each
other. Under appropriate conditions of excitability the interaction
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Fig. 14. Space–time plots of membrane voltage in the circle of excitable cells.
Fig. 15. Measured oscillation frequencies in the oscillatory chain versus cell number
i at different values of the coupling strength d.

of a wave front with an obstacle can lead to fragmentation of that
wave front and to spiral wave formation. Spiral wave activity may
account for self-sustaining reentrant activation in cardiac muscle,
and the behavior of the spiral wave plays a key role in determining
the electrocardiographic manifestation of the arrhythmia.

Simulation of spiral waves has been implemented in a 500 ×
500 lattice. Fig. 18 shows the results of such simulation with dif-
ferent values of d for excitable cells with gCa = 0.09. The effect of
gCa variation can also be seen in 2D wave propagation as shown
in Fig. 19 with d = 0.2.

Note that for our model spiral wave has closed circle tip trajec-
tory in wide ranges of parameter space; including gNa, gCa and gKd .
Sequential increasing of the parameter gCa leads to the breakup of
spiral wave without transition to meandering patterns. The same
effect was observed [23] in the simulation of the original Luo–Rudy
model with a clamped j-gate, which was performed to under-
stand the origins of the formation of meandering and spiral wave
breakup. The readers are reminded that in our model the gating
variables for INa and ICa are generalized, i.e. are taken these forms
to carry out the combined over all action of their activated and
inactivated gates. Moreover, activation of INa is slowed because of
the specific construction of variable xn; included in the INa forma-
tion. Thus, we have only xn for INa and yn for ICa vs. m, h, j for
INa and d, f for ICa in the original model. Presumably, this is the
reason for the possible slowing down or/and speeding up of some
of the gates and the absence of meandering in our map model is
Fig. 16. Space–time plots of membrane voltage Vn in the oscillatory chain at differ-
ent values of the coupling strength d = 0.002 (a), 0.003 (b), 0.004 (c), 0.005 (d).

probably the result of the superposition of effects of the sped up
or/and slowed down gates. Details can be found in Ref. [23].

7. Computational efficiency

We are able to reformulate and to reduce the original model
with six gating variables [5] by preserving all of the main electro-
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Fig. 17. Target waves’ propagation in 2D lattice: spatial dynamics at n = 500 (a), 700
(b), 900 (c), 1100 (d).

Fig. 18. Spiral waves in 2D lattice: spatial dynamics for different values of the cou-
pling strength d = 0.20 (a), 0.24 (b), 0.28 (c), 0.32 (d).

physiological parameters; gNa, gCa, gKd and gKi . The total number
of variables has been reduced from 8 in the original model to 4
in the our model; namely the membrane potential V and the gat-
ing variables of INa, ICa and IKd . Moreover, we obtain forms for
these variables’ description as approximated by polynomial func-
tions. The choice of polynomials instead of exponentials in our
constructed functions increases the computational efficiency. Fur-
ther, the received model in the form of ODE has been reduced to
a map with an iteration step close to one millisecond. Thus, the
computational gain at the cellular level is of the order of a factor
of 200 at the minimum, if we compare results with those from the
original model using Euler integration scheme with a time step
of �t = 0.01 ms. Of course, the computational speed of the ODE
can be increased by the choice of sophisticated numerical schemes,
such as adaptive space masks or adaptive time step schemes. But
obviously, our map-based model demonstrates perceptible superi-
ority in computational attitude. For example, we have compared
the speeds of computations by pacing a cell during 50,000 ms of
Fig. 19. Spiral waves in 2D lattice: spatial dynamics for different values of parameter
gCa = 0.11 (a), 0.12 (b), 0.13 (c), 0.14 (d).

Table 1
Comparison of runtime for different sizes of 2D lattices.

N × N 100 × 100 250 × 250 500 × 500

Map 0.15 min 0.9 min 3.65 min
LR 19 min 115 min 457 min

model time. Comparative computations were performed on a PC
with an Intel Pentium IV 2.80-GHz CPU, 1.00 Gb RAM using fourth
order Runge–Kutta method with a time step of �t = 0.01 ms for
the original model. The use of larger time step will lead to erro-
neous results with a forward difference integration method. For
the ODE based Luo–Rudy model, the simulation took 52.1 s of
computer time, whereas for the map-based model, the simulation
finished in 0.2 s. Comparisons of runtime for different sizes of 2D
lattices with the map-based model and original ODE model are
presented in Table 1.

In summary, we can say that our map-based model is compu-
tationally more efficient than all recent ODE models.

8. Conclusion

A new map-based model of cardiac activity is proposed. The
model is a four-dimensional map based on experimental-data ODE
model and can reproduce two basic activity modes such as ex-
citable and oscillatory regimes. Bifurcation mechanisms of these
regimes’ transitions are investigated using phase space analysis.
Dynamics of two coupled cardiac cells is considered. Impulse prop-
agation in the chain of excitable cells has been observed. Effects of
cluster and global synchronization in chain of oscillatory cells are
discussed. Analysis of 2D lattice with target and spiral waves have
been made.

Finally, it would be desirable to explore chains and lattices, con-
sisting of a variety of mixtures of excitable and oscillatory cells, by
using our map-based model. Also, the investigation of dynamics of
topologically complicated 3D structures, which correspond to real
topologies of cardiac tissues, is an interesting problem for future
study. We emphasize that our proposed model is computationally
more effective than existing ODE models. Thus, fast investigations
of large-scale ensembles with physiologically real structures are
feasible tasks in the near future.
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Appendix A. Functions in ionic currents’ formulation

m∞ = −1.0526 · 10−21 V 12
n − 2.0279 · 10−19 V 11

n

− 1.0771 · 10−18 V 10
n + 1.6023 · 10−15 V 9

n

+ 3.7446 · 10−14 V 8
n − 5.2536 · 10−12 V 7

n

− 8.8092 · 10−11 V 6
n + 8.2965 · 10−9 V 5

n

+ 9.6833 · 10−10 V 4
n − 2.5759 · 10−6 V 3

n

− 3.554 · 10−5 V 2
n + 0.0011Vn + 0.9944,

FKd = 81.9351 · 10−6 V 3
n − 214.2383 · 10−5 V 2

n

− 0.01Vn + 47.0553,

FKi = 6.6243 · 10−9 V 4
n + 3.0694 · 10−7 V 3

n

− 2.6809 · 10−5 V 2
n − 1.0633 · 10−4 Vn

+ 1.0192 · 10−2,

I pp = −2.0717 · 10−9 V 5
n − 3.1208 · 10−7 V 4

n

− 6.0728 · 10−6 V 3
n + 9.314 · 10−4 V 2

n

+ 4.4546 · 10−2 Vn + 0.4678,

Ibg = 0.03921(Vn + 59.87).

Appendix B. Functions in gating variables’ formulation

x∞ = 15.9457 · 10−26 V 14
n + 3.8968 · 10−23 V 13

n

+ 16.7517 · 10−22 V 12
n − 2.4767 · 10−19 V 11

n

− 1.8675 · 10−17 V 10
n + 5.4138 · 10−16 V 9

n

+ 5.9476 · 10−14 V 8
n − 4.2353 · 10−13 V 7

n

− 8.3382 · 10−11 V 6
n − 9.1273 · 10−11 V 5

n

+ 5.8726 · 10−8 V 4
n − 4.4997 · 10−8 V 3

n

− (
1.0017V 2

n + 6.082Vn
) · 10−5

+ 9.3514 · 10−4,
τx = 9.2993 · 10−24 V 14
n + 2.0788 · 10−21 V 13

n

+ 6.4715 · 10−20 V 12
n − 1.4021 · 10−17 V 11

n

− 8.2552 · 10−16 V 10
n + 3.3218 · 10−14 V 9

n

+ 2.6872 · 10−12 V 8
n − 2.7012 · 10−11 V 7

n

− 4.1183 · 10−9 V 6
n + 1.9038 · 10−9 V 5

n

+ 3.5448 · 10−6 V 4
n − 4.965 · 10−5 V 3

n

+ 1.2365 · 10−3 V 2
n − 5.0567 · 10−2 Vn

+ 1.694,

αy = −2.2434 · 10−9 V 4
n − 3.0005 · 10−7 V 3

n

− 1.0327 · 10−6 V 2
n + 1.1923 · 10−3 Vn

+ 4.1009 · 10−2,

βy = −5.3887 · 10−10 V 4
n − 1.1921 · 10−7 V 3

n

+ 8.4983 · 10−6 V 2
n − 1.813 · 10−4 Vn

− 997.1124 · 10−3,

αz = 3.0402 · 10−9 V 3
n + 6.6393 · 10−7 V 2

n

+ 5.4553 · 10−5 Vn + 1.7119 · 10−3,

βz = −1.9186 · 10−9 V 3
n + 2.5765 · 10−7 V 2

n

− 1.3209 · 10−5 Vn − 9997.2805 · 10−4.
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